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a b s t r a c t

Active learning is an important class of machine learning where labels are queried when necessary. Most

active learning algorithms need to iteratively retrain the classifier when new labeled data are obtained. Such

a batch learning process can incur a high overhead in both time and memory. In this paper, we propose a

new online active learning algorithm for binary classification. Our algorithm uses the margin-based criterion,

which compares the margin of instances with a threshold to decide whether it should be queried. Especially,

we propose Iteratively Decreased Threshold (IDT), a new threshold update method for the margin-based cri-

terion. By iteratively decreasing the threshold with IDT, our algorithm can effectively reduce the number of

queried instances. In addition, as evaluating the margin-based criterion involves only simple inner produc-

tions, our algorithm is also very efficient to evaluate. We compare our algorithm with other state-of-the-art

online active learning algorithms on six data sets, demonstrating that it requires less queries to achieve the

same classification accuracy, and incurs a smaller computation overhead at the same time.

© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

In traditional supervised learning, all instances should be an-

notated in prior to training, and the classifier is not allowed to

query new annotated data points. Such a passive learning approach

has the limitation that it is difficult to annotate a large data set.

Active learning, on the other hand, allows the learner to dynamically

query valuable data points (instances) for annotation, and iteratively

refine the classifier. Many theoretical results suggest that active

learning can effectively reduce the number of annotated instances

[2,11,12,23]. In addition, many studies have also empirically verified

the advantage of active learning over passive learning [1,13–15,20].

However, most batch algorithms used in active learning are

computationally expensive. The reason is that in every iteration, the

classifier needs to be retrained to calculate the next query. In many

situations, the data set is very big, while the computation resource is

limited. For example, it is expensive to implement an OCR system on

a small mobile device with batch algorithms.

Due to the low complexity in both computation and memory of

online learning, it has been used to make active learning more effi-

cient [15]. Online learning can date back to about 50 years ago, when

algorithms like perceptron [17] and stochastic gradient descent (SGD)

[22] were proposed. In online learning, updating the classifier only
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equires the latest instance and O(d) simple arithmetic operations,

here d is the dimension of instance. One can refer to [19] for com-

rehensive review of online learning.

Generally, there are two steps in online active learning. The first

tep defines a selection (or sampling) criterion which measures the

sefulness of instances, and based on this criterion selects the most

nformative instance to label. In the second step, the classifier is up-

ated based on the newly added instances and labels. In this paper,

e focus on the binary classification problem, where instances are

upposed to be classified into two categories. We assume that the

lassifier is linear and is of the form w�x + b, where the sign catego-

izes an instance. Without loss of generality, we assume b = 0, which

an be easily achieved by normalizing the data at the origin. We think

t is reasonable to restrict the classifier to be linear, since any data set

an be linearly separable if we map them to a higher dimensional fea-

ure space. Even in the nonlinearly separable case, linear classifier is

feasible choice.

As noted above, selection criterion is a critical component for ac-

ive learning. There are many existing criterions proposed for active

inary classification, e.g., uncertainty sampling [2], query by commit-

ee [11], expected error reduction [9]. However, many of these are fit

or batch learning.

In this paper, we first propose Iteratively Decreased Threshold (IDT),

new threshold update method for margin-based selection criterion

sed in active learning. Then, we combine this criterion with the

lassical SGD updating rule to propose a new online active learning

lgorithm, simply named IDT+SGD. In our IDT+SGD algorithm, when

here is a new instance, the margin of the instance is calculated. If

http://dx.doi.org/10.1016/j.patrec.2015.08.010
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patrec
http://crossmark.crossref.org/dialog/?doi=10.1016/j.patrec.2015.08.010&domain=pdf
mailto:dehual@mail.xjtu.edu.cn
mailto:p-zhang@xjtu.edu.cn
mailto:p-zhang@mail.xjtu.edu.cn
mailto:qhzheng@mail.xjtu.edu.cn
http://dx.doi.org/10.1016/j.patrec.2015.08.010


D. Liu et al. / Pattern Recognition Letters 68 (2015) 22–26 23

t

s

F

t

u

e

p

p

e

o

I

o

o

r

p

W

i

2

1

d

t

g

o

C

i

D

t

t

p

P

c

t

a

o

r

a

s

[

t

i

t

b

a

g

p

g

i

w

m

P

i

d

t

a

w

t

M

n

3

fi

b

t

−
g

i

t

o

|
s

r

w

I

w

3

s

s

e

c

(

i

i

p

d

o

o

fi

t

e

s

r

I

w

H

y

w

3

A

i

n

b

n

l

o

1

t

T

he margin is smaller than a given threshold, the instance will be

elected; otherwise the instance is discarded without consideration.

or selected instances, IDT+SGD queries their labels and uses SGD

o update the classifier. At the end of each iteration, the threshold is

pdated based on the estimation of current classification error. Since

valuating the IDT margin-based criterion only involves simple inner

roductions, IDT+SGD is quite efficient to implement.

We experiment with six benchmark data sets, and find that com-

ared with other online active learning algorithms, IDT+SGD achieves

ither better or comparable classification performance, depending

n which data sets are used. Experimental results also show that

DT+SGD has a lower computation overhead compared with many

ther online active learning algorithms that depend on matrix inverse

perations [6,7,10].

The remainder of the paper is organized as follows. In Section 2 we

eview some online binary active learning algorithms. Then, we pro-

ose our margin-based online active learning algorithm in Section 3.

e empirically verify the effectiveness of our algorithm, and evaluate

ts computation time in Section 4. Finally, we conclude in Section 5.

. Related work

Online active binary classification involves several steps t =
, 2, 3, . . . . At each step, the learner receives an instance xt ∈ R

d, and

ecides whether its label yt should be queried. If the label is queried,

he learner updates the classifier.

Monteleoni and Kaariainen [15] compared several online active al-

orithms, which are classified based on their sample selection meth-

ds and updating rules. Sample selection methods include DKM [8],

BGZ [5], and random; updating rules include perceptron and ver-

fied perceptron [8]. Both DKM and CBGZ are based on margin. In

KM, the absolute value of an instance margin is compared with a

hreshold, and the threshold is cut to its half if consecutive predic-

ions are all correct (the length of sequence is predefined as a hyper-

arameter). In CBGZ, the learner queries the label with probability
b

b+|p̂| , where p̂ = w�x is the margin of instance and b is a constant.

revious results [15] show that perceptron outperforms verified per-

eptron when combined with all three sample selection rules, and

hat when using perceptron as the updating rule, DKM and CBGZ have

lmost the same performance.

Apart from margin-based online active learning, there are some

ther algorithms, such as regularized least square based algo-

ithms [6,10]. In these algorithms, the sample selection methods

nd updating rules are both defined through the least squares. Con-

ider the BBQ algorithm [6] for example. Let St−1 = [x1, ...xNt−1
], Y =

y1, ..., yNt−1
]�, and At = I + St−1S�

t−1
+ xt x�

t . rt = x�
t X−1

t xt . If rt > t−κ ,

he corresponding label is queried, and parameter of linear classifier

s updated as wt = A−1
t St−1Yt−1. The authors empirically show that

his algorithm has a big improvement over random sampling. Com-

ining the margin idea and regularized least square, [10] proposes

compound algorithm. They show theoretically that both their re-

ret and sample complexity bounds have a strict improvement over

revious algorithms. But these two regularized least square based al-

orithms are both computationally expensive since matrix inverse is

nvolved in every iteration.

As the linear classifier f (x) = w�x is parameterized by vector

, it is reasonable to give w a prior. [7] assumes that w satisfy a

ulti-variant Gaussian distribution N (wt |μt ,�t). The likelihood

(yi|xi, w) is given by the probit function φ(yiw
�x), where φ(·)

s the cumulative distribution function of the standard Gaussian

istribution. Then the parameter w is determined by posterior, and

he authors devise an online updating rule for w. It is shown that this

lgorithm is more powerful in the dynamic problem than in setting

here instances are i.i.d. Similarly as the above two algorithms,

his algorithm also requires expensive matrix inverse operations.
oreover, the matrices must be positive definite, which is generally

ot guaranteed in practice.

. Margin-based active learning algorithm

Before introducing our sample selection criterion, let us first de-

ne what margin means. There are several definitions for margin in

inary classification. Suppose the values of labels are either 1 or −1,

hen the margin of an instance can be defined as p(y = 1|x) − p(y =
1|x) [18], where p(y|x) is the conditional probability of category y

iven x. If the margin of an instance is around zero, then the instance

s quite close to the separator of two classes. As another definition,

he margin of instance x is defined as w�x, where w is the parameter

f classifier. For convenience, we assume w to be of unit length. Then

w�x| measures the distance of x to the separator. Here we adopt the

econd definition, since it is easy to calculate and has a direct geomet-

ic intuition. This definition has already been used in many previous

orks [3,5,8]. We assume the optimal linear classifier h∗(x) = w�∗ x.

n the nonlinear separable case, w∗ or h∗ has a classification error ν
hich is the smallest error of linear classifiers.

.1. Overview

The basic idea of our algorithm is as follows. For each new in-

tance, we compare its margin with a threshold. If the margin is

maller than the threshold, the label of the instance is queried; oth-

rwise the instance is discarded. The threshold takes the form of

(2ν + ε), and decreases at every iteration. Here, ε is the access error

the classification error minus the Bayesian error). The reason is that

f active learning is effective, the number of labeled and unlabeled

nstances should be almost the same as passive learning when they

erform equally well on classification. We will give a more detailed

iscussion on how to determine the threshold.

After we decide to query the label of an instance, the parameter

f linear classifier is updated using SGD, which been widely used in

nline learning, due to its simplicity and reliable performance. De-

ne �(f(xi), yi) as the loss function that measures the cost of predic-

ion f(xi), where yi is the true label. If there are n instances, then the

mpirical risk is defined as Rn( f ) = 1
n

∑n
i=1 �( f (xi), yi). In our linear

etting, f (x) = w�x, so Rn(f) can be written as 1
n

∑n
i=1 �(w�xi, yi).

Gradient descent is a batch algorithm used to minimize Rn(f) with

espect to w, and SGD is simply the online version of gradient descent.

n each iteration, SGD updates the classifier as:

t+1 = wt − γt
∂

∂w
�(w�

t xt , yt).

ere we choose hinge loss as our loss function, i.e., �(w�x, y) = (γ −
w�x)+, and let γt = 1√

t
. Then, the SGD updating rule is:

t+1 = wt + 1√
t

yt xt , if yt w�
t xt <

1√
t
; or wt , otherwise. (1)

.2. The IDT+SGD algorithm

Our IDT+SGT online active learning algorithm is summarized as

lgorithm 1.

Line 3–6 calculate the mean of all queried instances, and map xt

nto a ball centered at the origin. Line 7–8 calculate the maximum

orm Rt of all queried instances, and use it to normalize xt. Note that

oth the mean and maximum norm are online estimates, as we can-

ot determine them until all the instances are queried. Line 9 calcu-

ates the margin of x as w�x, and compares it with the current thresh-

ld st. If the margin is smaller than the current threshold, then Line

0–11 apply SGD to update the classifier wt , and Line 12 normalizes

he new wt . εt in line 15 is the upper bound estimation of access error.

his estimation is based on a conjecture that at iteration t, the access
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Algorithm 1 Iteratively Decreased Threshold (IDT) with SGD.

1: initialize w1 (random), mean := 0, s1 := 1, R0 := 1, r0 := 0,

σ0 := 0

2: for t = 1, 2, 3, ... do

3: mean := (1 − 1/t)mean + xt/t

4: if t > 1 then

5: xt := xt − mean

6: end if

7: Rt := max (Rt−1,‖xt‖2)
8: xt := xt/Rt

9: if |w�
t xt | < st then

10: if yt w�
t xt < γ then

11: wt+1 := wt + 1√
t
yt xt

12: wt+1 := wt+1/‖wt+1‖2

13: end if

14: end if

15: εt := log (t)/
√

t

16: st+1 := c(2ν + εt)
17: end for

a

t

β

4

[

v

b

a

h

q

�

g

t

C

t

t

H

s

S

s

c

g

U

t

s

t

y

t

s

p

l

I

s

t

h

o

s

p

d

i

a

d

c

i

s

w

γ

1 http://www.csie.ntu.edu.tw/˜cjlin/libsvm/
2 http://archive.ics.uci.edu/ml/datasets
3 http://archive.ics.uci.edu/ml/datasets/Adult
error of Algorithm 1 does not exceed the passive online SGD with t

labeled instances. Formally, the conjecture is stated as follows.

Conjecture 1. Algorithm 1 has smaller or nearly the same classifi-

cation error compared to SGD after accessing the same number of

instances (both labeled and unlabeled instances are counted).

We will use experiments to empirically verify it in Section 4. Recall

that access error of passive online SGD is of the order log (t)/
√

t [4].

We use it to update the threshold st in Line 16. The determination of

hyper-parameters ν , c and γ will be discussed in Section 4.

3.3. The determination of st

First, let us state our goal when determining st. Let w∗ be the

Bayesian classifier with error rate ν . Then, our goal is to ensure

the property that for instances {x : |w�
t x| > st}, our classifier wt gives

the same predication as w∗. This means the instances that are not in-

formative to our classifier (wt and w∗ gives the same classification)

would be filtered out by the threshold. Clearly, to reduce the number

of queried instance, we should also make st as small as possible to

filter out the most instances.

We continue to introduce a candidate for st. For iteration t, de-

fine θ t as the angle of wt and w∗. Clearly, if |w�
t x| > θt , wt(x) and

w∗(x) predict the same label. This can be equivalently stated as {x :

sign(ht(x)) �= sign(h∗(x))} ⊂ {x : |w�
t x| ≤ θt}. Thus, we can set st ≥

θ t.

In the following, we give an upper bound for θ t. Let P be the dis-

tribution of instances, there exists a constant c1 such that

P{x : |w�
t x| ≤ θt} ≤ c1P{x : sign(ht(x)) �= sign(h∗(x))} (2)

For the right hand of Eq. (2), we have:

P{x : sign(ht(x)) �= sign(h∗(x))}
= E[yht(x) > 0 ∧ yh∗(x) < 0] + E[yht(x) < 0 ∧ yh∗(x) > 0]

≤ εt + 2E[yht(x) > 0 ∧ yh∗(x) < 0] ≤ 2ν + εt

For the left hand of Eq. (2), as the data satisfy uniform distribution,

we have:

θt ≤ c2P{x : |w�
t x| ≤ θt}

for some constant c2. Putting the above equations together, we have:

θt ≤ c(2ν + εt),

where c = c c . Thus, we set st = c(2ν + εt).
1 2
For cases where distribution of data points are not uniform, the

bove discussion still holds, if there exists constant α > 0, β > 0 such

hat P{x : |w�
t x| ≤ θt} ≤ αP{x : ht(x) �= h∗(x)} and P{x : |w�x| < r} ≥

r.

. Experimental results

Many online active algorithms have been proposed recently

6,7,18]. In the algorithm proposed by Chu et al. [7], one needs to in-

erse a positive definite matrix. Although the matrix can be replaced

y diagonal form, the positive definiteness of matrix is still not guar-

nteed. As a result, it is not suitable for many data sets. Although [18]

as given a perfect theoretical analysis, their active algorithm usually

ueries all the instances. Because the active query criterion is θ2
t ≥

2
t = (w�

t−1
xt)2 and θ2

t = x�
t A−1

t−1
xt(1 + 4

∑t−1
i=1 ziri + 36 log (t/δ)) is

enerally much larger than �2
t . For the above reasons, here we choose

o compare our algorithm with

• The standard SGD algorithm [22];
• Cesa09 [6];
• DKM+SGD, a DKM active learning algorithm [8] with SGD as the

updating rule;
• CBGZ+SGD, another online active learning algorithm [5], also with

SGD as the updating rule.

One reason that we use SGD as the updating rule for DKM and

BGZ is that many studies show SGD performs better than percep-

ron and verified perceptron used in [8]. In addition, it is more fair

o compare our algorithm (IDT+SGD) with algorithms also using SGD.

ere the SGD updating rule is given by Eq. (1).

Our experiments use six data sets, namely protein01, protein02,

plice, a2a, a3a, a4a. All of them are downloaded from the LIB-

VM website1. Here, protein01, protein02 are two subsets of data

et protein consisting of three classes, where Protein01 consists of

ategories 0 and 1, and protein02 consists of categories 0 and 2. The

oal is to predict the protein secondary structure [21]. splice is from

CI repository2. The goal is to recognize two types of splice junc-

ions in DNA sequences. a2a, a3a, a4a come from UCI Adult data

et3. The goal is to predict whether a person has an income greater

han $50,000. The original data has 14 attributes and is transformed

ielding 123 features [16]. For each problem, we merge the original

raining set with the test set, and reshuffle them. Then, we randomly

elect a subset as the training set, and the rest as the test set. All the

roblems are non-separable.

There are some hyper-parameters in each of the four active

earning algorithms: constant c and Bayesian error ν in algorithm

DT+SGD, R to control the decrease of threshold in DKM+SGD, con-

tant b to estimate the probability of sampling in CBGZ+SGD, and κ
o control the query rate in Cesa09. For each data set, we tune these

yper-parameters with 5-fold cross-validation on a separate hold-

ut set. The holdout set is randomly chosen from the whole training

et, and its size is given in the second column of Table 1. For exam-

le, “CV:5000” in problem protein01 means 5000 instances are ran-

omly selected for 5-fold cross-validation (4000 instances for train-

ng and the remaining 1000 for test). The SGD updating rule used in

ll algorithms (except Cesa09) has a hyper-parameter γ , which is also

etermined through cross-validation. Since it is impossible to find a

ommon optimal γ for all these four algorithms, we choose to tune

t only for passive SGD. We find that the average error rates on the

ix data sets are almost the same when γ ∈ [0.03, 0.06], and become

orse when γ is out of this interval. In our experiments, we choose

= 0.03 for all algorithms except Cesa09.

http://www.csie.ntu.edu.tw/~cjlin/libsvm/
http://archive.ics.uci.edu/ml/datasets
http://archive.ics.uci.edu/ml/datasets/Adult
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Fig. 1. Error rates of IDT+SGD and SGD, when they access the same number of instances (both labeled and unlabeled instances are counted).
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Fig. 2. Comparison of IDT+SGD with the other four learning algorithms on error rate.
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.1. Verification of conjecture 1

In Section 3, we give the conjecture that the threshold st is up-

ated so that IDT+SGD has classification error no larger than native

GD if they access the same number of instances (both labeled and

nlabeled instances are counted). Here, we verify this conjecture via

xperiments using six data sets. The results are reported in Fig. 1.

e can observe that for problems protein01, a2a, and a3a, IDT+SGD

as a better performance than SGD, and in the other three problems

heir performance is similar. Especially for problem a4a, their learn-

ng curves are almost identical. Note that here we are not compar-

ng our algorithm (IDT+SGD) with SGD, as the comparison would be
 a
nfair. For SGD, it needs to query for all instances, while IDT+SGD only

electively query a subset of them. Rather, we are only aimed to verify

ur conjecture that IDT+SGD has comparable performance with SGD,

f they access the same number of instances.

.2. Comparison on learning performance

We continue to compare our algorithm with other online active

earning algorithms, in terms of learning performance. For each data

et, we run all the algorithms 5 times, and prior to each run, we

eshuffle the data set for randomness. The average learning curves

re shown in Fig. 2, where n is the size of training set, the x-axis
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Table 1

Comparison of IDT+SGD with the other four learning algorithms on running time.

Data information CPU time (s)

Data Train size Test size Dimension IDT+SGD DKM+SGD CBGZ+SGD Cesa09 SGD

protein01 10000 (CV:5000) 6561 357 0.45 0.70 0.66 31.32 0.75

protein02 10000 (CV:5000) 9136 357 0.49 0.85 0.71 28.40 0.97

splice 2500 (CV:1250) 675 60 0.02 0.01 0.02 0.38 0.02

a2a 10000 (CV:5000) 5000 123 0.12 0.11 0.15 4.77 0.15

a3a 20000 (CV:10000) 9000 123 0.42 0.37 0.47 6.49 0.62

a4a 10000 (CV:5000) 3306 123 0.09 0.09 0.13 2.45 0.11

o

p

i

A

K

J

9

s

R

[

[

represents the number of queries, and the y-axis represents the clas-

sification error. Note that SGD is the baseline for all these algorithms:

an algorithm is only considered effective if its learning curves is be-

low that of native SGD.

We can observe that IDT+SGD has a remarkable advantage over

SGD on data set protein01, a2a, a3a, and small advantage over SGD

on data set protein02. In addition, the advantage of our algorithm

over native SGD is more remarkable than that in Fig. 1. For exam-

ple, for problem protein01, two curves are similar in Fig. 1, while the

curve of IDT+SGD is strictly under that of SGD in Fig. 2. The reason is

that in Fig. 1, both labeled and unlabeled instances are counted for

IDT+SGD, while in Fig. 2, only labeled instances are counted.

Also we can observe that DKM+SGD algorithm performs better

than SGD on data sets a2a and a3a, but a little worse than IDT+SGD.

CBGZ+SGD has an advantage over SGD only on data set a3a. Cesa09

has an obvious advantage over SGD only on data set splice, but worse

than SGD on data set a2a and a3a. In sum, our IDT+SGD algorithm has

generally better or comparable performance over other online active

learning algorithms, namely DKM+SGD, CBGZ+SGD, and Cesa09.

4.3. Comparison on computation overhead

Then, we evaluate the computation overhead of our algorithm,

in terms of running time. The experiments are done using MAT-

LAB R2011a, on a Windows desktop with Intel quad-core i5-

3470CPU@3.2 GHz. For comparison, we also include the other four

algorithms. The results are reported in Table 1, which shows that our

IDT+SGD algorithm is generally more efficient than Cesa09 and SGD,

and has roughly the same performance as DKM+SGD, CBGZ+SGD.

We explain a little bit more about Table 1. First, note that the run-

ning time of a learning algorithm depends on two factors: (1) the

number of iterations, i.e., the number of queried instances; (2) the

computation complexity of each iteration. Since Cesa09 has a much

higher complexity per iteration than the other four algorithms (due

to the matrix inversion operations), its running time is always the

longest. The running times of the other four algorithms largely de-

pend on the number of queried instances, which is represented as the

largest x-axis value of each curve in Fig. 2. We can see that IDT+SGD

only queries half (or even fewer) of all instances for data sets except

splice, while its passive counterpart SGD always needs to query all

instances. Thus, IDT+SGD generally has a smaller running time than

SGD. Finally, note that IDT+SGD, DKM+SGD, and CBGZ+SGD query

roughly the same number of instances for data sets a2a, a3a and a4a,

thus their running times are quite close for these data sets.

5. Conclusion

In this paper, we proposed a new online active learning algorithm

for binary classification. The key of our algorithm is a new threshold

updating method used in margin based criterion in which the thresh-

old is decreased at the end of each iteration, based on the estimation

of error rate. The label of the instance is queried only if it has a margin

smaller than the threshold. Experiments on six data sets show that
ur algorithm is effective in reducing the number of queries com-

ared to other online active learning algorithms, and is more efficient

n computation.
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